We derive a new exact static and spherically symmetric vacuum solution in the framework of the Poincaré gauge field theory with dynamical massless torsion. This theory is built in such a form that allows to recover General Relativity when the first Bianchi identity of the model is fulfilled by the total curvature. The solution shows a Reissner-Nordström type geometry with a Coulomb-like curvature provided by the torsion field. It is also shown the existence of a generalized ReissnerNordström-de Sitter solution when additional electromagnetic fields and/or a cosmological constant are coupled to gravity.
I. INTRODUCTION
General Relativity (GR) is the most successful and accurate theory of classical gravity from the last century. Its outstanding description of the gravitational interaction as a purely geometrical effect of the space-time together with a large number of experimental evidences has exalted it as the fundamental theoretical basis for modern astrophysics and cosmology [1] . Even nowadays, its elemental foundations and further implications are continually being reviewed and tested, as in the case of the recent discovery of gravitational waves from a binary black hole system [2] . Nevertheless, extensions of GR have always attracted much attention due to the deep related fundamental concepts and open questions still unsolved by the theory, as the formulation of a consistent quantum field approach to gravity, the understanding of space-time singularities or the nature of dark energy, dark matter or inflation in the very early Universe [3] [4] [5] [6] .
Another open issue consists in providing correctly the foundations of the angular momentum of gravitating sources and its suitable conservation laws in presence of a dynamical space-time within the same framework. Specifically, the intrinsic angular momentum of matter must be represented by a spin density tensor and therefore it may be expected to have it associated with a fundamental geometrical quantity. However, in standard GR, it does not couple to any distinctive geometrical property, so it is analysed possible modifications of the theory according to these lines.
In this sense, Poincaré Gauge (PG) theory provides the most elegant and promising extension of GR, in the framework of a Riemann-Cartan (RC) manifold (i.e. a manifold endowed with curvature and torsion), in order to couple the spin of particles to the torsion of the space-time [7, 8] . Indeed, within this model, both energy-momentum and spin tensors of gravitating matter act as sources of the interaction. In addition, the role of torsion depends on the order of the field strength tensors included in the Lagrangian: whereas the full linear case involves a non-propagating torsion (i.e. tied to spinning material sources), higher order corrections describe a Lagrangian with dynamical torsion [9, 10] .
Furthermore, the vacuum structure of the space-time also differs depending on this critical role, especially when a certain class of PG models provides the existence of propagating torsion modes in vacuum. Specifically, Birkhoff's theorem establishing that the only vacuum solution with spherical symmetry is the Schwarzschild solution, is satisfied only in certain cases of the PG theory [11, 12] . In this work, we consider a particular PG theory described by a Lagrangian of first and second order in the curvature terms, which reduces to ordinary GR when torsion satisfies a general condition connected to the first Bianchi identity. Only in such a case, it loses its physical relevance. It is shown that within this framework, the Birkhoff's theorem is not satisfied and a new analytical SO(3) spherically symmetric and static vacuum solution with dynamical torsion emerges. This solution describes a Reissner-Nordström type configuration characterized exclusively for its mass and the torsion field contribution, in analogy to the electric charge in Maxwell's theory. Thus, by this contribution of the torsion field to the space-time geometry, neither other physical sources nor electromagnetic fields are necessary to generate this type of solutions. On the other hand, we also stress that it is always possible to find a generalized Reissner-Nordström-de Sitter solution endowed with both electric and magnetic charges, as well as with a cosmological constant within this construction. Finally, the equations of motion for a general test particle in such a space-time are obtained from the respective conservation law of the energy-momentum tensor of matter.
This work is organized as follows. First, in Section II, we briefly present the general mathematical foundations of PG theory paying spetial attention to our model. Field equations and analyses of general solutions beyond the Birkhoff's theorem for GR and different classes of PG theories are shown in Section III. Our new analytical solution within this framework, as well as its natural generalization to include external Coulomb electric and magnetic fields with a non-vanishing cosmological constant are presented and analysed in Section IV. In Section V, we obtain from the general conservation law of the energy-momentum tensor, the equations of motion for a test particle belonging to a RC manifold connected to our model. Finally, we present the conclusions of our work in Section VI. A general demonstration for the conservation law of the energy-momentum tensor is also presented in Appendix A.
Before proceeding to the main discussion and general results, we briefly introduce the notation and physical units to be used throughout this article. Latin a, b and greek µ, ν indices refer to anholonomic and coordinate basis, respectively. We use notation with tilde for magnitudes including torsion (i.e. defined within a RC manifold) and without tilde for torsionless objects. Finally, we will use Planck units (G = c =h = 1).
II. QUADRATIC POINCARÉ GAUGE GRAVITY MODEL
A model of PG gravity requires gauging the external degrees of freedom consisting of rotations and translations, which are represented by the Poincaré group ISO(1, 3). Therefore, a gauge connection containing two principal independent variables is introduced in order to describe the gravitational field. These quantities constitute the gauge potentials related to the generators of translations and local Lorentz rotations, respectively:
where e a µ is the vierbein field and ω ab µ the spin connection, which satisfy the following relations with the metric g and the affine connectionΓ within the RC manifold [13] :
Note that in a RC manifold the affine connection constitutes a metric-compatible connection (i.e.∇ λ g µν = 0). Moreover, it can split into the Levi-Civita connection and the so called contortion tensor in the following way:
Additionally, P a are the generators of the space-time translations and J ab the generators of the space-time rotations, which satisfy the following commutative relations:
Then, the corresponding ISO(1, 3) gauge field strength tensor defined by
with As in the case of other known gauge theories, the field strength tensor characterizes the properties of the gravitational interaction, that in the PG framework are potentially modified by the presence of torsion. In particular, it is related to the torsion and the curvature of the space-time as follows: 
where T λ µν andR λρ µν are the components of the torsion and the curvature tensor respectively:
These components modify the commutative relations of the covariant derivatives for a general vector field v λ over a RC manifold in the following way:
Hence, whereas curvature is related to the rotation of a vector along an infinitesimal path over the space-time, torsion is related to the translation and it has deep geometrical implications, such as breaking infinitesimal parallelograms on the manifold [14] . Furthermore, the RC manifold may be regarded as an effective geometrical construction arising from a microscopic structure endowed with dislocation defects, which are described by torsion in the limit where they form a continuous distribution [15, 16] . In this sense, it is expected that the field strength tensor defined within this RC manifold gives rise to the pattern of dislocations density in terms of a dynamical torsion (i.e. even in the absence of matter fields).
In addition, both curvature and torsion tensors can also be classified by the decomposition into their irreducible parts under the Lorentz group [17, 18] . Especially, torsion can be divided into three irreducible components given by distinct contributions: a trace vector, an axial vector and a traceless and also pseudotraceless tensor. From a phenomenological point of view, this sort of geometrical classification can be associated with a large number of physically relevant situations, such as the coupling between the Dirac fields and the totally antisymmetric part of the torsion or the vanishing of its tensorial modes in a spatially homogeneous and isotropic universe, as it is assumed by the cosmological principle (see [19] for a more detailed account and alternative classifications). However, there exist more complex systems that require the non-vanishing of the rest of the modes, such as the given by a general static and spherically symmetric space-time, which is deeply considered in this work.
In the basic version of the PG theory, the presence of torsion is sourced by the spin of matter, so that it introduces new independent characteristics from the standard theory and it achieves a dynamical role defining an invariant Lagrangian quadratic in the field strength tensors. In this work, we focus on a PG model whose second order contributions are only due to the existence of this kind of non-vanishing and also massless torsion:
where c 1 , c 2 , d 1 and d 2 are four constant parameters. Note that in order to construct the Expression (14), we can use
λ , which allows to rewrite the general PG Lagrangian with massless torsion in terms of the torsionless Einstein-Hilbert Lagrangian.
In the elementary case where torsion does not propagate, all these constants vanish and the action leads to the standard Einstein theory. However, as it is remarked above, we are interested in the presence of higher order curvature terms in the action because in such a case, torsion becomes dynamical. Furthermore, in the limit where the first Bianchi identity of GR still holds for the total curvature (i.e.R λ [µνρ] = 0 1 ), then the Lagrangian leads to the sum of the Einstein-Hilbert Lagrangian and the Gauss-Bonnet term. As it is well known, the latter is a topological invariant in the four dimensional case, so it does not contribute to the field equations and the theory coincides locally with GR.
According to the first Bianchi identity in a RC space-time [20] :
the Expression (14) reduces to the regular gravity action when∇
Note that this expression does not imply the vanishing of the torsion tensor, but a less constraining condition fulfilled by this quantity for recovering GR. 1 The symmetric and antisymmetric parts of a generic covariant tensor Aa 1 ...aq are denoted by parenthesis and brackets, respectively:
with:
and
where the sum is taken over all permutations π of 1, ..., q and δπ is +1 for even permutations and −1 for odd permutations.
III. FIELD EQUATIONS
In order to derive the field equations, we may simplify the expression above without loss of generality applying the Gauss-Bonnet theorem in RC spaces [21, 22] . Indeed, the following term is a total derivative of a certain vector V µ :
Then (14) is locally equivalent to the following action:
In the absence of matter, i.e. L m = 0, Birkhoff's theorem is satisfied only in certain cases of the PG theory [11, 12] . We observe that our particular PG model does not generally satisfy this theorem, so the analysis of new static and spherically symmetric vacuum solutions to the field equations is necessary.
Before computing the vacuum equations, we define the following geometric quantities:
It is worthwhile to stress that all these quantities have a tensor character induced by the nature of the curvature and the torsion tensors, so that the physics equations depending on them retain the same form independently of the choice of coordinates on the manifold, according to the principle of general covariance.
Then, the field equations are derived from the PG action by performing variations with respect to the gauge potentials:
so that they constitute the following system of equations:
where:
On the other hand, the static spherically symmetric line element and the respective tetrad basis are chosen as:
with 0 ≤ θ 1 ≤ π and 0 ≤ θ 2 ≤ 2π. In addition, torsion must satisfy the condition L ξ T λ µν = 0 (i.e. the Lie derivative in the direction of the Killing vector ξ on T λ µν vanishes), in order to preserve the symmetry properties of the system. Then, the only non-vanishing components of T λ µν are [12, 23] :
where a, b, c, d, g, h, k and l are arbitrary functions depending only on r; k, l = 1, 2, and ǫ ab is the totally antisymmetric Levi-Civita symbol, given by:
0 , for all other combinations.
As can be seen, the SO(3)
Nevertheless, it is possible to impose an additional restriction involving these torsion components by taking the trace of Eq. (34) in the weak-field approximation:
Then, by neglecting torsion terms of second order, only the first term of the equation contributes. The equations of motion for the torsion tensor in linear approximation read
for theories with 4c
In terms of the torsion components, this constraint is equivalent to the relation:
where p is an integration constant. In addition to a cosmological constant, we only focus on suitable solutions that may exist in presence of Coulomb electric and magnetic fields, as in the standard Einstein-Maxwell framework of GR, so the solutions are restricted to verify Ψ 1 (r) = Ψ 2 (r) ≡ Ψ(r) in order to satisfy the Maxwell's equations in the RC manifold. These restrictions substantially simplify the problem. In any case, the field equations constitute a highly nonlinear system involving a large number of degrees of freedom and it forms an underdetermined system with different classes of solutions. We will require a final additional condition: suitable solutions must take an appropriate form referred to the rotated basis ϑ a = Λ a b e b , given by the following vector fields:
dr ;
This orthogonal coframe has already been used in previous literature to simplify the form of the Baekler solution, that belongs to a different class of PG models containing an O(3)-symmetrical torsion [24] . Especially, besides to its considerable simplification of the solution, it has the advantage of leading to a conformally flat Lorentz connection [25, 26] . In our case, we expect that the rotated Lorentz connection defined on the RC manifold recovered its Minkowski values for the vanishing of the free parameters associated with the torsion tensor and then the remaining physical configuration reduced to GR. Note that, in order to reach this limit, it is not necessary that each component of torsion vanishes identically, but only the fulfillment of the first Bianchi identity of GR for the total curvature, as remarked in the previous section.
At the same time, any solution F a bc referring to the mentioned orthogonal coframe can be written as follows:
;
c(r) ;
Therefore, in order to obtain a class of suitable non-singular solutions (excluding the point r = 0), the components of the torsion tensor must satisfy the following relations:
We find out that these constraints also involve the vanishing of the three independent quadratic torsion invariants (i.e.
IV. SOLUTIONS
By taking into account all these remarks, the following SO(3)-symmetric vacuum solution can be easily found for
, k(r) = l(r) = 0 ; (47) with
Hence, the relation (43) is completely fulfilled and the constant p vanishes. This solution describes a Reissner-Nordström type geometry, supported only by the metric and torsion fields rather than an electric or magnetic source. The new contribution is proportional to the square of the new parameter κ. Indeed, this parameter determines the intensity of the strength tensor corresponding to the torsion:
where the six rows and columns of the matrix are labeled the components in the order (01, 02, 03, 23, 31, 12).
The values above for the Lagrangian coefficients and their respective signs define the strength and properties of the torsion field in the PG framework. In existing literature, particular results containing a certain set of viable coefficient combinations for the purely massless PG theory have been developed under the linear field approximation requiring the absence of both ghost and tachyon modes [27] or only the ghost-free condition [28, 29] . Nevertheless, it has also been shown that the Hamiltonian constraint formalism differs from these results where the highly nonlinear effects of the PG theory are included [30] . Furthermore, some other authors have pointed out several mistakes and incompleteness in various of the mentioned analyses, reaching important contradictions with the commented conclusions [31, 32] . In this sense, the stability of these models is still an open issue.
On the other hand, by following our constraints (43) and (46), we note that any other combination for the constant parameters of Eq. (14) involves a vacuum configuration described strictly by the Schwarzschild metric. Hence, in the present case, there is a unique combination that allows a vacuum configuration different from the Schwarzschild geometry. It is the Reissner-Nordström solution above. Moreover, by solving the field equations it is possible to demonstrate this statement even for the case Ψ 1 (r) = Ψ 2 (r). It is also shown that the torsion decreases at infinity and the metric is asymptotically flat. So the corresponding Newtonian limit is satisfied by the solution as demanded by different approaches [33] .
It is also straightforward to notice that the condition∇
λ ρ]σ = 0 is fulfilled for this solution when κ = 0. In such a case, although the rest of the non-vanishing components of the torsion tensor still remain, the Action (20) is equivalent to the Einstein-Hilbert one and the GR approach is totally recovered. These non-vanishing components yield an inert RC spin connection and curvature, which emerge to the physical structure only when the parameter κ switches on and the torsion becomes dynamical. This fact contrasts with the alternative ways of recovering the regular gravity action given by the rest of the PG models present in previous literature, such as the mentioned Baekler solution where this limit is carried out in the framework of teleparallelism [34] . Teleparallel Gravity is the gauge theory for the translation group based on the curvature-free Weitzenböck connection and it is constructed in such a form that provides an equivalent description of gravity to GR, but in terms of torsion so that there exist conceptual differences between them (see [35] for a recent overview).
Additionally, the expression for the Lorentz connection referred to ϑ a exhibits a similar property to its counterpart of the Baekler solution. It takes Minkowski values within the RC manifold for κ = 0 and it does not depend on any other magnitude in such a case:
This solution can be trivially generalized to include the existence of a non-vanishing cosmological constant Λ and Coulomb electromagnetic fields produced by both electric and magnetic charges q e and q m , respectively. For this purpose, it is assumed that photons are decoupled from torsion as it is dictated by the minimum coupling principle. Then, it is easy to extend the solution by modifying the metric function Ψ(r) by the following expression:
As can be seen, the term derived by the dynamical torsion has the same structure than the terms provided by the electric and magnetic monopole charges and it is possible to collect these three contributions along with the cosmological constant onto a common space-time. Therefore, these factors involve geometrical effects on the PG field strength tensors, even though the electromagnetic field is not coupled directely to the torsion field. Switching off the parameter κ, the solution reduces to the Reissner-Nordström-de Sitter solution of ordinary GR as expected. Thereby, this solution shows similarities between the torsion and the electromagnetic fields, even though they are independent quantities.
It is worthwhile to stress the further relation between this type of geometry and other well known post-Riemannian approaches, such as the metric-affine gauge (MAG) theory of gravity, where the RC space-time and the PG group are both replaced by a general affinely connected metric manifold with non-metricity condition (i.e.∇ λ g µν = 0) and its associated affine gauge group [36, 37] . Indeed, analogous results were found out in terms of the dilation and the shear charges associated with the non-metricity tensor, which can involve a vacuum Reissner-Nordström configuration in this context [38, 39] . Nevertheless, the so called gravito-electric and gravito-magnetic terms present in all these solutions fall completely on the non-metricity field, so that when the latter vanishes those terms disappear from the metric tensor, even in presence of a non-vanishing torsion component. This result differs from our PG solution since the Reissner-Nordström structure provided by the torsion field can even exist when the connection is metric-compatible and the non-metricity tensor vanishes. This fact together with the mentioned achievements of the MAG point out a richer structure of spherical and static solutions in gravitational theories characterized by a general affine connection.
V. EQUATIONS OF MOTION
As any test particle or physical field uncoupled to torsion cannot experiment deviations from their geodesic trajectories, the respective equations of motion within the RC space-time connected to our PG model must distinguish between both classes of spinless and spinning matter. For this purpose, it is critical to deal with the principal conservation law of the total energy-momentum tensor θ µν derived by the invariance of Action (20):
where S λρσ is the spin density tensor. An analysis for the achievement of this result based on our particular PG model is shown in the Appendix A. The mentioned conservation law allows to obtain the equations of motion for a test particle in such a RC space-time by integrating the expression above over a three dimensional space-like section of the world tube involving the particle and employing the semiclassical approximation [40, 41] :
with
due to the Gauss theorem and by neglecting surface terms. As Eq. (53) must be fulfilled for any integration volume, it is equivalent to the differential equation of motion:
where we have used the following definitions
Here, s is the proper time along the particle world line, p µ the four-momentum of the particle and u µ its fourvelocity. Therefore, the presence of a dynamical torsion in the space-time and the interaction between the curvature and the spin of matter originate in general, a generalized Lorentz force acting on this type of matter. Thus, this force potentially yields deviations from the geodesic trajectories. Of course, this generally non-geodesic motion turns out to be another essential difference with gravitational theories endowed with vanishing torsion, such as ordinary GR. Nevertheless, for spinless matter with S λρ = 0 and p λ ∝ u λ , the equations of motion reduce to the same geodesic equations of GR.
This fundamental difference might be used in order to prove experimentally the possible existence of a non-vanishing dynamical torsion in the space-time. Nevertheless, it is expected to yield too tiny effects to be measured, as occurs with the rest of the well known PG models. Additionally, torsion is induced on the vierbein field by the field equations and thereby it can also operate on the geodesic motion of ordinary matter via the Levi-Civita connection. In particular, for a standard Reissner-Nordström geometry, the respective point charges have well known consequences on the geodesic paths of test particles and light rays [42] .
Presumably, the effects of this type of geometry are also very small at astrophysics or cosmological scales, because of the vanishing of the spin density tensor in the most macroscopical bodies. However, this situation may differ around extreme gravitational systems as neutron stars or black holes with intense magnetic fields and sufficiently oriented elementary spins. In such a case, it is expected that the RC space-time described by the PG theory modulates these events.
Further analyses can be performed by comparing the gravitational interaction of the spin and the orbital angular momentum of a rotating rigid test body [43, 44] . In this sense, it is especially interesting their natural extension towards the MAG theory when the motion of a rotating and deformable test body is considered [45] . All these achievements allow to systematically study the behaviour of gravitating matter with microstructure and to establish additional differences between a large extreme gravitational systems, such as the one present in our PG model and the one previously mentioned supported by MAG.
VI. CONCLUSIONS
In the present work, we have investigated the PG theory with massless torsion based on a gravitational model directly connected to GR when the dynamical role of torsion is frozen via the first Bianchi identity. In the general case, this approach allows the torsion tensor to constitute a dynamical degree of freedom. We have shown that the vacuum structure of the theory may differ from the Einstein's theory and, specifically, distinct classes of solutions can exist besides the Schwarzschild solution given by the Birkhoof's theorem within the standard framework of GR. Hence, in order to improve the understanding of such a theory of gravity, the search and analysis of exact solutions are fundamental.
The large degree of symmetry assumed and the requirement of the existence of a suitable electromagnetic-like vacuum structure analogous to the Einstein-Maxwell framework together with the use of a convenient rotated basis allow to reduce notably the difficulty of the highly nonlinear nature present in the theory. Under these requirements, we have obtained a new static and spherically symmetric vacuum solution. This solution provides a Reissner-Nordström type geometry with a SO(3)-symmetrical torsion depending on a parameter κ and it has been deduced without the use of the double duality ansatz for the RC curvature, often employed in previous literature in order to restrict the PG field equations into a very highly simplified system [46] . Its existence shows the dynamical character of the torsion field, which can even be induced on the metric tensor via the field equations generating a distinct class of solutions, beyond the Schwarzschild scheme and the Birkhoff's theorem of GR.
The corresponding generalized Reissner-Nordström-de Sitter configuration is also obtained when external electromagnetic fields and a non-vanishing cosmological constant are included, by analogy with the standard case. In this scheme, the torsion field contribution is perfectly distinguishable from the rest of physical degrees of freedom and the solution reduces to the standard case when its dynamical role is switched off. Therefore, the solution presents similarities between the torsion and the electromagnetic fields. It is expected that these similarities still remain in more general systems, such as axisymmetric space-times.
The foundations presented in this article have also been employed in previous works for the analysis and the achievement of exact solutions in extended models of gravity, such as the well known Einstein-Yang-Mills theory. The results obtained in this work show the flexibility and usefulness of the method described in [47, 48] . Furthermore, the recurrence of the fundamental schemes derived by our analyses in the extensive MAG framework is also remarked. It shows deeper relations between the solutions and the vacuum structure provided by these approaches, which improve their physical understanding and applicability. Specifically, the role of the non-metricity present in MAG has been typically categorized into earlier eppochs of the universe, whereas the one of the torsion field is expected to represent a larger number of physical scenarios, even in our current universe, such as extreme gravitational systems described by neutron stars or black holes with intense spin densities.
Finally, the equations of motion for a general test particle are derived and the differences with the geodesic trajectories of GR are stressed. These differences are also very important to understand the physical properties and further implications of our solution. Their theoretical consequences or observational effects in astrophysics and cosmology will be studied in future work.
VII. APPENDIX A
The conservation law for the total energy-momentum tensor associated with our model can be obtained directly from the PG Lagrangian:
We can obtain this result by the computation of the torsion-free divergence acting on the vierbein equation: 
wherẽ
First, we focus on the differential form of Riemann tensors and express the torsion-free operator ∇ in terms of∇ and the contortion tensor:
Thus, by simplifying the resulting expression and rearranging terms, we obtain the following equation: 
According to the second Bianchi identity for a RC manifold, the components of the Riemann tensor satisfy [20] :
so that we can simplify even more terms and obtain the following expression:
